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In this paper we analyse the structure of the BRST charge of nonlinear superalgebras. 
We consider quadratic non-linear superalgebras where a commutator (in terms of (super) 
Poisson brackets) of the generators is a quadratic polynomial of the generators. We find 
the explicit form of the BRST charge up to cubic order in Faddeev-Popov ghost fields 
for arbitrary quadratic nonlinear superalgebras. We point out the existence of constraints 
on structure constants of the superalgebra when the nilpotent BRST charge is quadratic 
ff~j . in Faddeev-Popov ghost fields. The general results are illustrated by simple examples of 

CO \ superalgebras. 

ON ' 

00 ' 1 Introduction 

O' 

The nilpotent BRST charge as the Noether charge of the global Becchi-Rouet-Stora-Tyutin super- 
symmetry [U [2] is a crucial element in both Lagrangian [3J and Hamiltonian [4J quantization methods 
of gauge theories (see also the reviews [5]). For general gauge theories, the existence theorem for the 
nilpotent BRST charge has been proven [5J. It proceeds by the construction of the BRST charge by 
an infinite, in general, series expansion in the Faddeev-Popov ghost fields. Sometimes these series are 
truncated and reduce to finite polynomials. The most remarkable examples are given by the Yang- 
Mills theories when the nilpotent BRST charge is a quadratic function of Faddeev-Popov ghost fields. 
Another interesting examples are given by some quadratic nonlinear Lie algebras [61 [7] . The interest 
on nonlinear algebras was initiated by discovery of conformal field theories [5] which led to a new 
class of gauge theories with the nonlinear gauge algebras, the so-called Wtf algebras The BRST 
construction for such algebras was discussed in |1Q(, [6] . This is closely related to the problem of the 
BRST construction for quantum groups with quadratic nonlinear algebras Recently, it was shown 
that a special class of nonlinear gauge algebras arises in the Lagrangian BRST approach to higher 
spin theories on anti de Sitter (AdS) space [12]. Note that non- linear algebras of supersymmetry arise 
for some quantum mechanical systems with periodic finite-gap potentials [13j . 
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The general analysis of the BRST structure given in (6j [14] was restricted to quadratic nonlinear 
algebras. In this paper, we extend this analysis to the case of quadratic nonlinear superalgebras. 

We make use of the standard definition of the Poisson superbracket in a phase space with coordi- 
nates T = (Q a ,Pa), e(Q A ) = c(-Pa) = e A (ePO denotes the Grassmann parity of a quantity X) for 
any two functions F, G 

f F Q\ - ^]L^_ _ dG dF ( iy (F)e(G) (1) 

1 ' ] ~8Q A dP A dQ A 8Pa ' 1 j 

where the derivatives with respect to momenta Pa stand for left derivatives, and those with respect 
to corresponding coordinates Q A stand for right derivatives. The Poisson superbracket (pQ) obeys the 
following properties: 

(1) Generalized antisymmetry 

{F,G} = -(-l) e W« G ){G,F}, (2) 

(2) Generalized Jacobi identity 

{F, {G, H}}(-l) e ^ e W + C y C u c p erms.(F, G, H) = 0, (3) 

(3) Grassmann parity 

e({F,G})= 6(F) + 6(G), (4) 

(4) By-linearity 

{F + H,G} = {F, G} + {H, G}, (e(F) = e(H)), (5) 

(5) Leibniz rule 

{FH, G} = F{H, G} + {F, G}H(-l) eiH) < G) , (6) 
{F, GH} = {F, G}H + G{F, H}H{-l)< F ^< G ^ . 

In the present paper, we study the nilpotent BRST charge for quadratic nonlinear superalgebras 
and find some special restrictions on structure constants when the nilpotent BRST charge is given in 
the simplest form. 

The paper is organized as follows. In Section 2 the Jacobi identities for quadratic nonlinear 
superalgebras are derived and some simple examples of such a kind of superalgebras are constructed. In 
Section 3 the classical nilpotent BRST charge for quadratic nonlinear superalgebras with some special 
restrictions on structure constants is constructed. In Section 4 we consider some simple examples of 
superalgebras for which general approach can be applied. In Section 5 we present some concluding 
remarks. 



2 Nonlinear superalgebras 

Let us consider a phase space M with local coordinates {(q l ,Pi), i = 1, 2, .., n; (e(g*) = e(pi) = q)} and 
let {T a = T a (q,p), e(T a ) = e a } be a set of independent functions on M. We suppose that T a satisfy 
the involution relations in terms of the Poisson superbracket 

{T a ,T p } = T.F'tp + T s T y V$, (7) 

where the Grassmann parities ^(Fj^) = ea + ep + e^, e(V^) = e a + ep + e 7 + and structure constants 
F^p and possess the symmetry properties 

Kb = -(-ir^L, v$ = -(-ir e % 7 a = (-i)^KS- (8) 
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The Jacobi identities for ([7]) read 

^^3 7 (-l) ea£7 + cyclic perms.{a, (3, 7) = 0, (9) 
(vgFfc + F^i-iy^ + F^V^(-iy^+^)(-iy^ + cyclic perms.^M) = 0(10) 
{yZ V^(-\y x( - ta+t ^ + cyclic perms. (fi, v, A)) (-1) £ <^ + cyclic perms.(a, j3, 7) = 0. (11) 

The simplest case of superalgebras really involving fermionic functions is a superalgebra with three 
generators T,Gx,G 2 where T is bosonic (e(T) = 0) and Gx,G 2 are fermionic (e(Gi) = e(G 2 ) = 1). In 
particular, we have that G\ = G 2 = 0. The most general relations for the Poisson superbrackets of 
generators preserving the Grassmann parities have the form 

{T, G x } = a 1 {T)G 1 + a 2 (T)G 2 , {T, G 2 } = b x {T)G x + b 2 (T)G 2 , 
{Gx,Gx} = ax(T) + a 2 {T)G x G 2 , {G 2 ,G 2 } = /3\(T) + 2 {T)G x G 2 , 
{G 1 ,G 2 } = 11 (T)+ l2 (T)G 1 G 2 . 

Here a,i, bi, on, f3i, ji, i = 1,2 are polynomial functions of T. Jacobi identities for this algebra require 
the fulfilment of equations 

a x a\ + a 2 7i = 0, $ x b\ + (3\(3 2 = 0, aqa 2 - ct\a 2 = 0, $ x b 2 + /3 2 7i = 0, 
«i7l + a 2 (3i + biai + 6 2 7i = 0, b 2 a\ — a x + a 2 b\ + a 2 b x - b\a 2 + a 2 (3 2 = 0, 

II II 

2j x ai + a x bi + 27172 + a 2 pi = 0, 27 x a 2 + 0762 - 27 2 ai - a 2 7i = 0, 
(3[ai + 2y x bi + /3 2 7i + 2 72/?i = 0, (3[a 2 - 2j[b 2 - a x /3 2 - 27172 = 0, 

where /' denotes the derivative of / = f(T) with respect to T. We have nine first order differential 
equations and one algebraic nonlinear equation with ten unknowns a^, bi, on, Pi, ji, i = 1,2. We will 
not study the general solution to this system and will just list below some special cases. We have the 
following examples: 

1. {T,Gi} = 0, {T,G 2 } = 0, {G 1 ,G 1 } = a(T), (12) 
{G 2 ,G 2 } = (3(T), {G l ,G 2 } = 1 (T). 

2. {T,G 1 } = a{T)G l , {T,G 2 } = a(T)G 2 , {G 1 ,G 1 } = 0, (13) 
{G 2 , G 2 } = P(T)G 1 G 2 , {G x , G 2 } = j(T)GxG 2 . 

3. {T,Gx} = a(T)G 2 , {T,G 2 } = b{T)Gx, {Gx,Gx} = a(T)GxG 2 , (14) 
{G 2 ,G 2 } = 0, {G 1 ,G 2 } = 1 (T)G 1 G 2 . 

4. {T,Gx} = a(T)Gx, {T,G 2 } = 0, {Gx,Gx} = a(T)GxG 2 , (15) 
{G 2 , G 2 ] = I3{T)GxG 2 , {Gx, G 2 } = j(T)GxG 2 . 

5. {T,Gx} = 0, {T,G 2 } = bx(T)Gx + b 2 (T)G 2 , {G 1 ,G 1 } = 0, (16) 
{G 2 , G 2 } = (3{T)GxG 2 , {Gx,G 2 } = i{T)G x G 2 . 

If we restrict ourselves to the case of quadratic nonlinear superalgebras the examples fjl2[> - (116l ) of 
superalgebras ([7]) reduce to 

1. a(T) = AxT + A 2 T 2 , f3(T) = B X T + B 2 T 2 , j(T) = DxT + D 2 T 2 , (17) 
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F%2 = Ai, -F33 — Bi, F 23 — Di, V 22 — A 2 , — B 2 , V 23 — -D 2 . 

2. a(T)=A + A l T, 0{T) = B , 7 (T) = D , (18) 
Ff 2 = Ao, Ff 3 = A , VE = \A U V$= l -A 1 , = \b , V™ = ±D q . 

3. a(T) = A + A{T, b(T)=B + B 1 T, a(T) = C , 7 (T) = D , (19) 
Ff 2 = Ao, F? 3 = B , V£ = \a 1} V$ = \b u V$ = ±C , V 2 f = \d q . 



A.a{T) = Av + A 1 T, a(T) = C Q , 0{T) = B , y(T) = D , (20) 

2 a 12 a 23 _^ 23 1 23 

-^12 = A), ^12 = 2" 41 ' ^22 = 2^°' ^33 = 2^°' ^23 = 2-°°- 



5.6 1 (r) = B + B 1 r, b 2 (T) = B 2 + B 3 T, 0(T) = B 4 , j(T) = D , (21) 

F i3 = Bo, F? 3 = B 2 , Vgf = -B^ V 13 2 = -B x , Vi 3 3 =2^3, V 23 = - D . 

where we introduce the notation T = T\,G\ = T 2 ,G 2 = T 3 ,ei = 0,e 2 = e 3 = 1. Note that in 
the example ()12|) there are superalgebras which appear in quantum systems with periodic finite- 
gap potentials [12] if we identify the Hamiltonian with H = T, the two supersymmetry generators 
Q 1 = Gi, Q 2 = G 2 and j(T) = 0,a(T) = f3(T) = P 2n+1 {H). The example P}, (HD contains the 
superalgebra for dynamical systems with Hamiltonian H = T which is invariant under BRST Q = G\ 
and anti-BRST Q = G 2 symmetry (the canonical quantization method based on this supersymmetry 
was proposed in [15]) if we identify A x = 1, A 2 = Bx = B 2 = B x = G 2 = : {Q, Q} = 0, {Q, Q} = 
0,{H,Q} = 0,{H,Q} = 0,{Q,Q} = H. In the example (HHJ) , (USD there exists the so-called self- 
reproducing superalgebras (for self-reproducing algebras within BRST formalism see [7]). Indeed, in 
the example (fl~3j) it is enough to choose a(T) = AqT, (3(T) = 0, j(T) = Dq to get the self-reproducing 
superalgebra. 

3 BRST construction 

The main quantity in the generalized canonical formalism [31 H] for dynamical systems with the first 
class constraints T a = T a (q,p),e(T a ) = e a fulfilling the property {T a ,Tp} f» 0, where sa denotes 
equality on the surface T a (q,p) = 0, is the BRST charge Q. Nonlinear superalgebras ([7|) belong to 
this class. The BRST charge require to introduce for each constraint T a an anti-commuting ghost c a 
and an anticommuting momenta V a having the following Grassmann parities e(c Q ) = eiVa) = + 1 
and ghost numbers gh(c a ) = —gh(V a ) = 1. They have to obey the relations 

{<f*,Vf,} = 8$, {c a ,d 3 } = 0, {V a ,Vp} = 0, {c a ,Tp} = 0, {V on Tp} = 0. (22) 

The BRST charge Q is defined as a solution to the equation 

{Q, Q} = (23) 

which is an odd function of the variables (p,q,c,V), has ghost number gh(Q) = 1 and satisfies the 
boundary condition 



= T a . (24) 

c=0 



dQ 

dc a 

A solution to the problem can be obtained in terms of power-series expansions in the ghost variables 
Q = T a c a + $>/»*••■ P^U^J^^ ■ ■ ■ <?»<f* = Qi + £ fifc+i. ( 25 ) 

k>l k>l 



4 



where the symmetry properties of in lower indices coincide with the symmetries of monomials 
c a k+lQ a k . . , c «i w hji e [ n U pper indices they are defined by the symmetries of Vp k Vp k _ 1 ■ ■ ■ Vp r . In 
particular 

rAk)Pxfa..p h = ( _-,)(e ai +l)(€ a2 +l) TT (k)p 1 p 2 ..Pk = (_-\\^p 1 +^(e 02 +i)TT(k)p 2 Pi-l3 k 
u a l a 2 ..a k+1 I X V ^ a 2 ai..a k+1 V X V u a 1 a 2 ..a k+1 - 

Let us now apply the BRST construction to nonlinear superalgebras ((7J). In lower order, the 
nilpotency of Q implies that 

Thus, the structure function has to be of the form 

= ^{FZp + TsVSy-l)* = (26) 

and the contribution Q2 of second order in ghosts c a to Q is 

q 2 = ^{fy +T 5 v s a jy c %-ir-. (27) 

Using Jacobi identities ([9]), (JTUJ) , (fTTj) . the condition of nilpotency for Q in the third order can be 
rewritten as 

(_1)%%^ 2T/3i (Tp 3 V^V^{-lY^^ + W^i 3 {-l)^)c^c^c^ = 0. (28) 
Let us introduce the following quantities 

yl aia 2 ct3 ' ct\(j v 0203V / ' \ / 

vfofoPl _ xfefeP 1 C— 1 "\ e 2 e /3 3 = V/^/feA f — 1 N |( e Q2+ 1 )( e «3+ 1 ) 
010203 010203 V / 010302*- / 



which define the nilpotency equation in the third order (|28p . Symmetrization of this quantity with 
respect to lower indices can be done using the rule obtained in Appendix A (see (|A.3P ) 

yPalhPi _ vPzPiPi 1 v^PiPi (_i\0a 3 +l)( 

) _|_ Y^ 3 ^ 2 ^ 1 ( — 1 +l)(ea 2 +e Q3 ) (on\ 

[010203] yt «ia2«3 T yl a 3 QiQ2 \ X J ~ vl o 2 Q30iV x 7 " ■ V ou ; 

Then the nilpotency condition (|28[) can be written in the form 

(_1)^%^ 2 T A (T & A^ 3] + 12t/^ 3 (-l)%) C Q3 C Q2 c ai = 0. (31) 

From the Jacobi identities pip it follows that 

x PaPaPi , x PiPaP2 (_iy h (^ 2 +e,3 3 ) , x (hP\Pz f_ 1^/33(^+6^) _ q / 32 ) 

[010203] [oio 2 03]v ^ [010203] V / ' v / 

Consider now the quantities A"" iQ2Q3 



rPaaPi 

3 - ± Pl- L P3^ 

Due to (|32p they satisfy the relations 



^10203 = Tp^X^ az] {-iy^. (33) 



T*K X a2a3 = 0. (34) 
be form 

010203 P J ' 010203 ! -"O1O2O3 -"O1O2O3V } ' \ uu y 



Therefore, iV" ^ can be rewritten in the form 
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Taking into account ([3"3"]) . ([3"5]) we can show that Nata\a 3 has a linear dependence on T a 

Ar{af3} = rp Aj{a/3}a /oa\ 
ly aia2Q3 a 010203 ' v""/ 

In terms of these quantities the structure functions are given by 

r/-(2)#2/3i = Lt AT^ 2 ^ 1 > <T r-l , l% + %% TT^Pi = rr(2)A& ■ C_ll(e/3j. +!)(%+!) ("*7l 

^ 010203 Q i a 2C«3 v / ! ^ 0^203 ^ 010203V ' ' V" 1 / 

Using ([33]). ([35]) and the Jacobi identities ([32]) we obtain the following equations 

]\r{02l3i}f33 , ]\r{/32l33}l3i(_-iy/3 1 E(3 :j yfofapi , t^/3i/3 2 /33 Ne^e^ /oo\ 
010203 "-"aittaOS V / [010203] T [010203]^ ' 

which define an explicit form of Naiala 3 - In particular the structure of (]38p allows us to suggest the 
form of N^fjf 3 

010203 Ml(M2M3) [01O2O3] ^ ' 

where cj^^j^) is a niatrix constructed from the unit matrices 5° obeying the following symmetry 
properties 

c {/3 2 /3i}/33 = _Q{fkfh}ht_ 1 vfh.fr = C {Wl}ft/_ 1)V2% (4Q) 

Ml(M2M3j Ml (M2M3J V ' Ml(M3M2] ^ y V ' 

It is not difficult to find a general structure of ^ff^jf) with the required symmetry properties 

= cr(^S*-«*S(-i) e ^+ ( 41 ) 

S^ 1 <#* (— 11 e ^ - 5 fa $fa S^ 3 (—l) % % e ^ \ 

T »3 I {13 Ml M2 V ' 7' 

where C is a constant. From (]39p and (|41[) it follows that 

NjMW* = 2C( X^ 1132 , - Xf 33 ^ 1 ,(-l) e * 6 fcY (42) 

010203 ^ [010203] [010203] \ > ) \ I 

Inserting this result into (j38H one obtains 

4CX /3 3 /3i/3 2 - (2C + l)xf 3&/?1 + (2(7 + l)xf l/32/3s J-lW^+^fts. (43) 

[010203] V ' \a\OL20L3\^ I ' V / [Ol0203[\ ' v. / 

Taking into account the relations (j32p and the symmetry of X^^ 3 , we have 

[QlQ 2 Q3j^ / [OiQ 2 03j [010203]^ ' 

and therefore one can rewrite (03]) in the form 

Uc + l)xf 30102 , =0 (44) 
V / [oio 2 o 3 j v / 

in full agreement with bosonic case [14J. Then we have two solutions to the nilpotency equation at 
cubic order in ghost variables c a . In the first case there is no restriction on the structure constants 
V"f of a quadratic nonlinear algebra 

C=-l/6. (45) 
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It leads to 

1 "a 1 a 2 a 3 Q V [ a i Q 2 a 3] [ai0203] V > J V ' 



Therefore 



and 



[/(2)/3fi = _J_ T (xf 3 ^ 1 , -Xf z ^ ,(-l) e /»i e ft»V-l) e fti (47) 

040203 0(j P3 ^ [01O2O3J [040203] V / 



Qs = -^Wft^^y^C-l) 6 ^^^ ! 6 ^^^^. (48) 

The second possibility corresponds to restriction on structure constants of nonlinear superalgebras 

x /3 3 /3 2 /3i = q (4g) 

[040203] v ' 

or 

^Ct- 1 ) 6 " 1 ^^ 1 ' + ^dic perms.( ai , a 2 , a 3 ) = 0. (50) 
It means that N^^f 3 = and 

tfffi5=°> 23 = 0. (51) 

In what follows we restrict ourselves to the case of superalgebras where the restrictions (|50|) are fulfilled. 
In that case the Jacobi identities (jlip are satisfied. 

Now let us analyse the constraints generated for the condition of nilpotency at forth order of ghost 
fields c a . It has the form 

Let us introduce the following quantities 

_ 1 H~ e a3 H~ e /32 "^a^ 

- 1 040^304 1 71J 'aia2 03041 ± J > V" / 

y/34/3l/32/33 _ T//34/3l TACr/3 2 T/7#3 / I \ea 1 +ea3+e f 3 2 +(eQ 1 +ea 2 ) <E /33+ <E 7( <: ai+ ,! a2+ <E /32) f^zl"! 
yl aia203a4 7a" "0102 '0304 V / V" 41 / 

which have the symmetry properties 

yft&(33 _ yPifofc / 1 \(ea 1 +l)(ea 2 + 1 ) _ yPifcPs (i \(ea 3 +l)(ea 4 +l) 

OL\OL20L-i,OL^ X 020l0304\ X 7 - t 040 2 a403V / V""/ 

XPtPifafo = vPiPlPuPs f_l \(e al +l)(e a2 +l) = vP^P^Ps f_1 \(ea 3 +l)(e a4 +l) /r fi \ 
oia 2 0304 02010304 V / Q1Q2Q4Q3V J ' v uu / 

In order to define the structure function correctly we have to symmetrize quantities which appear 
in ([53]) and ([54"}) in the indices a±, 0:3, 0:4. Using the symmetrization (|A.4|) . (|A.6|) ()A.7[) and of 
symmetry properties (|55j) and (|56|) we get 



(-1)^^ 3 ^ 2 T A (<^ a4] + T A ^f Q f 3 4] + lUU^^l)c a ^ C ^ = 0. (57) 
From (|53|) and (|54|) and symmetry properties of structure constants F^,V"f it follows 

yPlPlPs _ yP\PzPl (_X N )( e /32+ 1 )( e /33+ 1 ) AtA/feA _ J^PiPlPsP^ t _ ]\ ( % +l)(e / 3 3 +1) /QgN 

[oi0 2 0304] [01O2O3Q4] V / ' [oi0 2 0304] [04020304] V / \ / 
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x tkPi(hfk = / 5g) 



It is possible to show that 



as consequence of restrictions Q49J) or (|50|) . Indeed, using definitions (|M|) and restrictions (|50|) we 
obtain the equations 

VP4P1P2P3 _ yPiPiycrfaylPs C_1 \e Ql +eQ3+e/3 2 +ea 2 (e ai +e/3 2 )+e/3 3 (<; ai +ea 2 ) i 

+ ^fi 4 ^ 1 V^ 2 V^ 4 (-l) eQl+ea 3+ e /52 +ea l e /52 +^3(^1+^2) = 0. (60) 

Symmetrization of (|60p in indices a.\,a.2, a^, «4 gives rise to 

_yP±P\yoPiy~iPi (_-\Y a i +tc '3 +e f 3 2 tc '2(' ia i+ e 02^ +e 03^ ta i +ec '2) — I'fil "| 

V « 2 (T V Ct3Ct4\ ± J 

_yPiPl y°P2 ylPs (_-\Y<*l +<Ea 2 + <E /32 <Ea 4 ( e «l +e 02 ) +£ < 9 3 ( ea l +£a 2 ) + ( e «4 +l)( e a 2 +eQ! 3 ) — 
v «20" «17 v «3«4\ / 

_yP4,Piy<yP2yyP3 Ne ai +e a4 +e / 3 2 e a 3(e ai +e / 3 2 )+e^ 3 (e ai +e a3 ) + (ea 2 +l)(ea3+e a4 ) n 

Multiplying these equations by c a4 c as c a2 c ai we have 

( x P*PiP2P3 2V l34l3l X7 /32/3s J-l)(^i+ 1 )( e 02+ 1 )+^i t 03) c a4 c a3 c a2 c ai =0 f62 v ) 

\ [QIO2O3Q4] did [0203041 \ J J V / 

or due to (01]) 



X p4PlP2P3 c «4 c «3 c «2 c ai = (Q3) 
[O1O2O3O4] v ' 

which proves (|59p . 

Solutions of the nilpotency equation (|57p are given by the quantities ^^^^304] w ^ n symmetry 
properties (|58p . We shall prove that these quantities satisfy the following symmetries 

YP1P2P3 = YP2P1P3 f_^(e^+l)(e^+l) C 64 ) 

[«ia2«3C*4] [ai«20304]^ ' \ ' 

In that case we will have for 

n (3)PiP 2 P3 Lyftfeft / fi r:N 

w oiQ2C«3a4 144 [0103030:4] v / 

and for contribution to BRST charge in the forth order 

Q 4 = - 7^/33 7>/?2 Kfa 2 Va3% (" l)'" 1 +% ^ + ^ 2 ^ + ' 7 ^ + ^ 2 +% ) C° 4 C° 3 c" 2 c" 1 . (66) 

This result can be considered as a super symmetric generalization of BRST charge in the forth order 
for quadratic nonlinear Lie algebras [6]. 

To prove we start with Jacobi identities (JXOj) 



(</ 2 ^o 2 + ^K^^^^ perm8.(rf,ai,a 2 ) = 0.(67) 

Multiplying these equations from right by 

T/7#3 (_1 \ea 1 +ea3+e^ 2 +e / 3 3 (e ai + e a2 )+e ai e 7 
V 03 04\ J -/ 5 
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and taking into account the definitions (129j) . (|53h . we obtain 

yftftfe _y/3 2 /3i/3 3 /_ •, \ (e^ +1) (e 02 +1) _ 

_TpPl vafoPz \e ai +e / 3 2 +e a2 (e / 3 2 +e ; 3 3 )+e ai ea 2 _ 

_T?02 vafiiPs / -i Ne ai +e / 3 2 +e a2 (e (3l +e /3 )+e ai e a2 +e ( 3 1 e / 3 2 _|_ 
Q20" 0:10:30:4 V / ' 

+Fil a X^f 3 3 a4 {-l) e ^ +e ^+^02+^ 3 ) + (68) 
iffc x CT/3l/33 (— 1 , ) e «i+ e /3 2 + e «i( e l ai+ e ^ 3 )+ e ^i e l 32 4- 

1 - 1 Oi<T^ 1 -020304 V -"■/ 1 

A-VPlfajpo- yrfo (_-\Y a l +€a 3 +€ 02 + ( € 03 +e "l}( £a l +ea 2) 4- 
1 v 7cr 0102 0304V / 

-4-Vl 3l @ 2 F Cr V^P 3 ( — 1 S ) e ai+ e a3+ e /3 2 + e /33( e a 1 +eQ 2 )+ea 1 (ec.2+ e 7) _|_ 

^'020' 701 0304 V / ' 

A_yf3lf32J?o- T/7/3 3 /_i \e ai +e Q 3+e0 2 +e/3 3 (e Q1 +ec,2) =f) 
1 *Qicr 027 0304 V / 

Multiplying these equation form the right by c a4 c a3 c a2 c ai and taking into account the symmetrization 
in indices aio^a^a^, we get 



[01020304] [01020304] v / y 



+ 



(69) 



+ -(F 01 J-l) e 0i+ e ^i3 2 +F 132 X7 l3lf3s J-l^fe+^i^i+^i^V-H^i^+^a) + 

^ airj yl [a 2 a 3 Q4] V X V ^ aicr^ 1 - [0*20304] v "V )^ 1 

\_yPl@2 per t^7/3 3 /-i \e ai +e Q3 +e/32 + ( e a 1 +e a 2)( e /3 3 + e 7) _|_ 
^^7<t 1 oitt2 0304 V / ^ 

F a V~<P'i (—] Y a l + <E a 3 + <E /52+( <: °:i+ ,Ea 2) e /3 3 
Tiv Qlff O27 y Q 3 Q4\ / 



0. 



or due to (09 
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g\ [01020304] [01020304] \ / J 



(70) 



1 yPlfh per t/7/3 3 (1 \ea 1 +e a3 +e | g 2 +(ea 1 +e a2 )(e | a 3 +e 7 ) , 

^ v 7cr 1 «i02 "0304^ X J 
1 'aiff Q27 0304 V / 



0. 



7(T QL\OL1 r Q3Q4 \ 

Consider now the Jacobi identities (fT0|) 

(C 2 / 7 3 ^o 7 304 + i ? o T 27^fo 3 4 (-l) £Q2% + ^^(-l)^^ 2 ^ 3 ^- 1 ^" 2 ^ 4 + Pe^-(«2,«3,«4) = 0. 

Multiplying these equation form the right by c a4 c a3 c a2 c ai and from left by 



we obtain 



I v Ol(T V Q27 0304V / 1 

iT/Aft P 7 T/7/% f_1 \e Q11 +ea3+e/3 2 +e/33(<;a 1 +e a 2) 1 

Tf Qlff O27 y Q 3 04\ - 1 / ' 

-\-yfllP2 pPi (_^^ e ai+ e a 3 + e /32 +e ' 3 3 ea l +eCT ( ea 2+ e /3 3 )^c a4 c Q 3c Q2 c ai =Q 



(71) 



Notice that 



yfilfcpfo yya- ^_ |jf ai +e a 3+e,3 2 +e^e ai +e CT (e a2 + e /3 3 ) c Q 4 c 03 c 02 c «i _ 

— _ljf/ 3 l/ 3 27 p/3 3 f_^( e 7+l)( £ ni+ e o3+e ( , 4 )+e^+e Itl e ( 3 3 04 a3 c 02„Oi _ q 

2 [010304] 702 V / 



(72) 
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due to d3QJ). Then from (|nj) it follows 

(yPxPiyaP?, pi (_-! \e ai +e a3 +e0 2 +e^ 3 e ai i 
\ CKlfT "1127 a3H4\ x / ^ 

+^ 2 i ? a 27 ^af^(-l) £ ^ = 0. (73) 

Let us now consider some additional relations which can be derived from (|50[) 

yPifoygPa ^lyaiie-t+efo) _|_ V^^V®^ ( — l) e 7( £ a 2 + e ,3 3 ) _|_ T/^iAi V^f 3 ( — l) ea 2 ( £ «i + e /3 3 ) = 

Multiplying these equation form the right by 

pi ^_|j«ai + e a 3 +£(j 2 + e 7 <E a>l C Q 4 ( JX3 c «2 gdl 

we obtain 

(^V^ 2 V^ F2 3Ct4 ( — l) ea l +ea 3+ e /32 +e /33 ea l + (74) 
_^_yPlP'2yO-P3 pi ^_^ e a 1 +ea3+e/32+f7( £ ai+ s a 2 +%)j ( ,a4 c a3 c a2 c ai _Q 

Now, we can take into account the following relations 

yP\Piy<7p3 pi ( _ | j e ai + £ a 3 +% ( £ «1 + e "2 + e /S3 ) C °4 C a 3 c a 2 c »l — (75) 
_ _yPlP2pl yvfi-i ^_iya 1 +e a3 +ep 2 + (e a +e^ 3 )(€ ai +e a2 ) c a 4 c a 3 c a 2 ^ 

and 

V^V^F^^-l^^^^^^^^d 30 - = (76) 

- _yP\Pi p& T/7/33 ( _-\ Ya 1 +£a 3 +t@ 2 + e P3( t < x i Jrea 2) r aA r a3 r a2 r ai 
v a±a C127 0304 \ / 0000. 

which can be derived with the help of (|73p . From (|74p . (|75p and (|76p it follows that 

(^yP\Pip^ ^ V^a ( — l) ea l +ea 3 +e /% + ( eQ l +<Ea 2)( e /33+ t 7) _|_ (77) 
+ 2y^ 1|S2 i 71<T 1/^ 3 (_^) e a 1 +e a3 +e / 3 2 + (e ai +e C i 2 )e^ 3 ~j c a4 c a 3c a2 c ai _ Q 

Therefore we derive from (1701) 



- ^ 2 1 S 3a4] (-i) (e/3i+1)(%+1) ) ca4ca3ca2cQ1 = o. ( 78 ) 



that proves the symmetry properties of YP^^^, ([6 



If we additionally require the fulfilment of restrictions on structure constants of superalgebra ([7]) 

rpxP%Pz 

[oi02«3 Q 4] 



fell Qod-iQ/tl 

(79) 



or 



pP\y°P2 ylPs (_1 ya 1 +£a 3 +£f32+( e a 1 +ea2) e f3 3 + e ~f( e a 1 +£a2+< E l3 2 } -4- 

1 717 'aia2 "a304l ± J ~r 

1 pPl \fvP2 \TlPz (_-\ Yai+ €a 2+ e P2^( ea 2+ ea 3') e P3+( ea l+^( ea 2+ ea 3)+ e 't(- ea 2+ eo '3+ e 02 S ) 4- 
~ r± 7<T v 0l20l 3 O1O4 V / " ' 

J l _pPiyvP2 yrP3 ^_^ya2+ e a 3 +e0 2 +(e ai +e a3 )e0 3 +(e a3 +l)(e ai +e a2 )+e^(e ai +e a3 +e0 2 ) + (80) 

ipAy^ft ^a2+ e Q 3 +e/3 2 +(<;a4+ea2) e /3 3 +( e Q 1 +l)(eQ2+ ea 3)( ea 4+ 1 )( <:Q l+ <:Q 3)+ e 7(' E<: «2+ ea 4+ <: /32) -4- 

T 7<r 02(«4 '03011 t 

A_pPlV T P2 T/7/33 (_1 ^a 1 +ea 3 +e/3 2 +(<;c« 3 +ec« 4 )e/3 3 +(eci 1 +ea2)( £: a3+ <! «4)+ £: 7( £: a 3 + <E a4+ <! /32) -L- 

A.pPiy'Ps ylPi ( _\ ^a 1 +ea 2 + <E /32 + ( (E ai+ <! a2)<;/3 3 +ec (4 + l)(ea2+ e a 3 )+e 7 (e a:L +e a4 +e / 3 2 ) _ p) 
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then we can state that there exists a nilpotent BRST charge in a canonical quadratic form 

Q = T a c a + \v n {FZp + TsV^y c a (-ir. (81) 

for any superalgebras ([7]) satisfying the additional restrictions (|50p . (|80p on its structure constants 
1% and V$. 



4 Simple examples 

In this Section we approach the construction of the nilpotent BRST charge of the form (|8ip for the 
simple examples listed in Section 2. In what follows we will use the following notation for the ghost 
variables (c\c 2 ,c 3 ) = (c, m , r? 2 ), (V u V 2 , V 3 ) = (V,P 1 ,P 2 ). 



1. The explicit form of structure constants (|17h implies that the indices 0\, fa, fa, & of the non- 
trivial relations in restrictions (|50p must have the following values fa = fa = fa = cr = 1. Thus, the 
only relation that has to be verified is the vanishing of 

VatiV£ a3 {-l) ea i ea s + cyclic perms. ( ai ,a 2 , a 3 ) = (82) 

and this relation is satisfied because V^l = 0. In order to verify (|80p non-trivial relations must be 

satisfied when 7 = a = 1 and all terms in these relations contain a factor = which has to vanish. 
Therefore the nilpotent BRST charge for this example has to be of the form 

Q = Tc + G lVl + G 2 m + \MV-nl + ^B^rfi + D&mm + (83) 

+ -A 2 VTr,l + -B 2 VTrg + -D 2 pT m r] 2 . 

In this example there are no restrictions on the parameters (A\, B\, D\, A 2 , B 2 , D 2 ) which ultimately 
define superalgebras (fTTp . 

2. The analysis of the relations (|50j) require the following restrictions on structure constants of 
superalgebras (fT8|) 

V£ = VE = Vi = 0, (Ax = D = 0). (84) 

Due to the vanishing of Vg" = and F^p = for all values of a, j3, 7, the relations (|80p are satisfied. 
The nilpotent BRST charge can in this case be written as 

Q = Tc + G x m + G 2V2 + A (P lV i + P 2V2 )c + ^ (P 2 Gi - PiG 2 )rjl (85) 



3. Analyzing the relations (|50p we obtain the following restrictions for the superalgebra (|19p 

V^ 2 = V$ = V 2 f = Vi = 0, (A x =B 1 = C o = D = 0), (86) 
which reduces to a linear superalgebra with the usual nilpotent BRST charge for linear superalgebras 

Q = Tc + G im + G 2 r] 2 + A P 2m c + B P im c. (87) 
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4. As in the previous case, the analysis of the relations (|50p imposes severe restrictions on the 
superalgebra (}2"0|) 

V$ = Vi = Vi = V 2 f = 0, (Ax =B = C = D = 0) (88) 
which also reduces to a linear superalgebra. The nilpotent BRST charge has the form 

Q = Tc + Girn + G 2 r/ 2 + A P im c. (89) 

5. The analysis of the relations (|50p imposes the following restrictions on structure constants of 
the superalgebras (f2Tj) 

V$ = Vi = Vi = 0, (B 3 = D = B 4 = 0) . (90) 

Imposing the vanishing of V| " = for all values of a, (3, 7 and F^ 3 ^ 0, Ff 3 7^ 0, the relations ([80]) are 
satisfied. The nilpotent BRST charge can then be written in the form 

Q = Tc+G lVl + G 2 7? 2 + (BqP 1 + B 2 P 2 + -BxiVd + PiT)) m c. (91) 

5 Discussion 

In this paper we have investigated the BRST structure of quadratic nonlinear superalgebras of form ([7]) 
which are characterized by the structure constant Fp and V^f. The explicit form of the BRST charge 
both in the second and third orders was found without any additional restrictions on the structure 
constants. In the case when the structure constants verify the constraints (|50p . the construction of the 
BRST charge can be achieved up to the fourth order in the ghost fields c a . We have found additional 
restrictions (see (|50~|) ) on structure constants of any non-linear quadratic superalgebras when nilpotent 
BRST charge can be written in a canonical form (|8ip which is quadratic in ghost fields c a . We have 
constructed simple quadratic nonlinear superalgebras with one bosonic and two fermionic generators 
and have verified all the constraints of the structure constants in order to explicitly construct the 
BRST charge in the canonical form. 
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Appendix 



A Symmetrization 



Let us now consider the procedure of symmetrization used for the correct definition of structure 
functions U^ k \ k = 2,3. Let Ao, ia2a3 be some quantities appearing in expression X = X aiCt2aa c a3 c 012 c ai 
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Due to known symmetry properties of monomials c a3 c a2 c ai , X can be expressed in terms of A[ QlQ2Q3 ] 
having required symmetry. We have 

X 



— X +X ( _l)(t ai +e a2 )(e a3 +l) , V ( _-i\(e a +l)(e a +e a ) , 

_L Y f_ 1 "I ( £ £>1 + e a 2 )( £a 3 + 1 ) + ( £ "1 +1 )( £a 2 + 1 ) — 

T vl a3a2C*l\ / 

= (^a 1 a 2 a3(- 1 ) ea2+£aiea3 + c V dic perms, (qi , a 2 , a 3 )) (- l)'" 2 "" 3 - 

-^ QlQ3Q2 (-l) ea 3+ e «i e «2 + cyc/ic perms. (ai, a 2 , a 3 )j (-l) ea '2 +ea 2 < - ea i +e ^ 



and 



* = ^[a lQ 2*3]C a3 C Q2 C ai . (A.l) 



If X aia2a3 has additional symmetry properties 

X =X (-l)(^ 2 +l)(e a3 +l) ( A 0) 

then 

v — ofv _i_ Y (i A(ea 1 +ea2)( e "3+ 1 ) 1 Y f_1 +l)(ea 2 +ea 3 ) N \ 

A [aid2«3] ~~ z l A aia2«3 ' ^az<x\a 2 \ 1 ) 1 -^-a 2 a 3 a\ \ L ) J 

= 2(x aia2a3 (-l) e «2 +e «i e "3 + cyclic perms. ( ai , a 2 , a 3 )){-iy^ +eaieas ■ (A.3) 

Let us now consider quartic quantities in the ghost fields, Y = Y aia2a3Q , 4 c a4 c as c a2 c ai . One can 
introduce the symmetric structure Y[ aia20t3Ct4 ] 

8 ' Y 



[a ia2 a :i a 4 \ ~ Q c a 2 Q c a 3 Q c a 4 

which can be expressed in terms of three indices symmetric quantities 

y _ y i+y r (_l)^ a4 +l)(e ai +e a2 +e a3 +l) 1 

- 1 [aiQ2"3"4] "1 [«2«3«4] ~ - I 04[0i02"3] V V ^ 

±V , ,f_ll( £ "l+ £ «2)( £l >3 +£ «4)4-y r n f_1 , \( e «l+ 1 )( e a 2 +ea 3 +ea4 + l) f A 41 

1 - 1 a3[o4aia 2 ] V L ) T 1 a 2 [a 3 a 4 ai] V • l-^-^V 

Then we have 



Y = —Y, ^ r ot 4 „otz „oli c ol\ ( k \\ 



and if Y aia2asot4 has additional symmetry properties 

Y —Y ( -l){e ai +l)(e a2 +l) _ y (_\)(t<* 3 +l)(e a4 +l) (AG) 

1 a\a 2 a 3 a 4 — 1 ol 2 ol\ol 3 ci 4 \ *-) — 1 a\a 2 a 4 a 3 \ *-) 1 \n..K> ) 

one can finally show that 

V, , — AiV V ( — \ ^ + 1 )( e «2 + e «3 ) 4- (A 71 

1 |aia2a3Q4] - 1 ai«2a3 a 4 "i" J a2«3 Q i Q 4 V -V t V^- 1 / 

, y /-_i\(e a3 +l)(e ai +ec l 2) 1 Y ( _^)(e ai +l)(e a2 +e a3 ) + (e a4 + l)(e ai +e a3 ) 1 

T-'Q3« 1 «2 £ '4\ -"v ~ - 1 a2<^4«3<^l V ± / ' 

,y f_1l( £ t.l+ £ »2)( £ »3+ £ °4)+y f_1 , \(e«4+l)(ea 2 +ea3) N \ 

T^- 1 a3«4aia2 V A / t / aia 4 a2a3V X J / 
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